In this paper we study a new class of functions, which we call (ω, c)-pseudo periodic functions. This collection includes pseudo periodic, pseudo anti-periodic, pseudo Bloch-periodic, and unbounded functions. We prove that the set conformed by these functions is a Banach space with a suitable norm. Furthermore, we show several properties of this class of functions as the convolution invariance. We present some examples and a composition result. As an application, we prove the existence and uniqueness of (ω, c)-pseudo periodic mild solutions to the first order abstract Cauchy problem on the real line. Also, we establish some sufficient conditions for the existence of positive (ω, c)-pseudo periodic solutions to the Lasota-Wazewska equation with unbounded oscillating production of red cells.
Introduction
Let ω > 0 and c ∈ C \ {0}. Consider the c-mean of h given by
Note that when c = 1 we recover the ergodic space of Zhang (see [29, 30] )
AA 0 (X) := h ∈ C(R, X) : M h = 0 .
We say that f is a (ω, c)-periodic function if there is a pair (ω, c), c ∈ (C \ {0}), w > 0 such that f (t + ω) = cf (t) for all t ∈ R (see [22] ). It represents periodic functions with c = 1, anti-periodic functions with c = -1, Bloch waves with c = e ik/ω , and unbounded functions for |c| = 1. Linear systems with periodic coefficients produce, by Floquet's theorem, (ω, c)-periodic solutions. This is the case of the famous Hill's and Mathieu's equations (see [17, 31] )
dt 2 + a -2q cos(2t) y = 0.
Mathieu's equation is a linearized model of an inverted pendulum, where the pivot point oscillates periodically in the vertical direction (see [19] ). According to Floquet's theorem, these equations admit a complex valued basis of solutions of the form y(t) = e μt p(t), t ∈ R,
where μ is a complex number and p is a complex valued function which is ω-periodic (see [5, Ch. 8, Sect. 4] ). We can observe that the solution is not periodic, but y(t + ω) = cy(t), c = e μω , t ∈ R.
(1.1)
In fluid dynamics, we can find many examples of waves being described by Mathieu's equation. The research of Faraday surface waves is very active (see [4, 9, 23] ).
Several properties of (ω, c)-periodic functions have been obtained in [3] . Also, this class of functions appears for example when the method of Bloch wave decomposition is used in order to obtain the homogenization of self-adjoint elliptic operators in arbitrary domains with periodically oscillating coefficients (see [6, 20] and the references therein). Now, we are ready to introduce the space of (ω, c)-pseudo periodic functions. A continuous function f is said to be a (ω, c)-pseudo periodic function if it can be written as f = g + h, where g is a (ω, c)-periodic function and h ∈ AA 0,c (X). Note that when c = 1 we obtain the space of pseudo periodic functions defined in [28, Definition 2 p. 873] (see also [16] ), and when c = -1 we obtain the space of pseudo anti-periodic functions defined in [27] . When c = e ik/ω , we will call this set of functions pseudo Bloch-periodic functions.
Also, it should be noted that the space of (ω, c)-periodic functions, asymptotically Bloch periodic functions (see [12, 13] ), and the space of (ω, c)-asymptotically periodic functions (which basically are sums of (ω, c)-periodic functions with continuous functions h such that c -t/ω h(t) goes to 0 as t goes to ∞, see [2, Definition 2.5]) are contained in the space of (ω, c)-pseudo periodic functions. For other works related to pseudo periodicity, see [10, 14, 25, 26] . We give several properties of (ω, c)-pseudo periodic functions including a characterization in terms of the pseudo periodic functions, uniqueness of the decomposition, and algebraic properties. Also, we prove a convolution theorem and that the space of (ω, c)-pseudo periodic functions is a Banach space with the norm · pωc defined below (see Theorem 2.18). Furthermore, we prove that the range of these functions is relatively compact with this norm. A composition result is given and a variety of examples are showed. We point out that the pseudo periodic, pseudo anti-periodic, and pseudo Bloch-periodic functions are defined as a subspace of BC(X), while our results include unbounded functions on R in both periodic and ergodic parts, that is, the cases |c| < 1 and |c| > 1.
The previous results allow us to show the existence and uniqueness of (ω, c)-pseudo periodic mild solutions for the following class of semilinear abstract integral and differential equations in Banach spaces:
where f and the family R satisfy certain hypotheses. In particular, we obtain (ω, c)-pseudo periodic mild solutions for the semilinear first order problem
where A is a closed linear and densely defined operator on a Banach space X which generates an exponentially bounded C 0 -semigroup {T(t)} t≥0 . The results can be extended to delayed systems, see Sect. 4. Furthermore, we prove the existence of positive (ω, c)-pseudo periodic solutions to the Lasota-Wazewska equation with (ω, c)-pseudo periodic coefficients
Wazewska-Czyzewska and Lasota [24] proposed this model to describe the survival of red blood cells in the blood of an animal. In this equation, y(t) describes the number of red cells bloods in the time t, δ > 0 is the probability of death of a red blood cell, a(t) is a continuous and positive function which is related to the production of red blood cells by unity of time, τ is the time required to produce a red blood cell, h(t) is a continuous and positive function which describes the generation of red blood cells per unit time. This paper is organized as follows. In Sect. 2, we formalize the (ω, c)-pseudo periodic functions and give some important properties. Also, we show that the space of (ω, c)-pseudo periodic functions is a Banach space with a suitable norm and the fact that the range of this class of functions is relatively compact with this norm. Convolution and composition theorems will be proved. Several interesting examples are given. In Sect. 3, we prove the existence and uniqueness of (ω, c)-pseudo periodic solutions to the first order abstract Cauchy problem on R. Finally, in Sect. 4, we prove the existence of positive (ω, c)-pseudo periodic solutions to the Lasota-Wazewska model with (ω, c)-pseudo periodic coefficients. Also, we show that the solution is exponentially stable.
(ω, c)-Pseudo periodic functions
Throughout the paper, c ∈ C \ {0}, ω > 0, X will denote a complex Banach space with norm · , Ω ⊂ X, and we will denote the space of continuous functions as
the space of ergodic functions as
and
for all x in any compact subset of Ω .
for all t ∈ R. ω is called the c-period of g. The collection of those functions with the same cperiod ω will be denoted by P ωc (R, X). When c = 1 (ω-periodic case), we write P ω (R, X) in spite of P ω1 (R, X). Using the principal branch of the complex logarithm (i.e., the argument in (-π, π]), we define c t/ω := exp((t/ω) Log(c)). Also, we will use the notation c
The following proposition gives a characterization of the (ω, c)-periodic functions.
Proposition 2.2 ([3]) Let f ∈ C(R, X). Then f is (ω, c)-periodic if and only if
where u(t) is a ω-periodic complex X-valued function.
In view of (2.1), for any f ∈ P ωc (R, X), we say that c
Remark 2.3 From Proposition 2.2, we can write all f ∈ P ωc (R, X) as
where u(t) is ω-periodic on R. We will call u(t) the periodic part of f . With this convention, an anti-periodic function f can be written as f (t) = (-1) t/ω u(t), where u is ω-periodic.
For example, f (t) = sin t can be considered as an anti-periodic function, with ω = π . As
which is periodic with period π . Let c = e 2π i/k for some natural number k ≥ 2, and let f be a (ω, c)-periodic function.
Then f is a periodic function with period kω but, in general, it can be written as f (t) = e 2π ti/kω u(t), where u is a complex periodic function with period ω. In particular, if k = 4, a (ω, e π i/2 )-periodic function f can be at the same time a Bloch wave:
anti-periodic function with antiperiod 2ω: f (t + 2ω) = -f (t), and a 4ω-periodic function:
is,
The collection of those functions will be denoted by AA 0,c (X). Analogously, a function
for all x in any compact subset of Ω. The collection of those functions will be denoted by AA 0,c (Ω, X).
The collection of those functions (with the same c-period ω for the first component) will be denoted by PP ωc (X).
Remark 2.6 The preceding collection includes the pseudo periodic functions
Then f 1 is pseudo periodic because g(t) = sin t is periodic with period 2π and pseudo antiperiodic because g(t) = sin t is anti-periodic (with antiperiod π ). Analogously, the function
The same is true for any φ ∈ AA 0,c (R).
The following proposition gives a characterization of the (ω, c)-pseudo periodic functions.
Proposition 2.8 Let f ∈ C(R, X). Then f is (ω, c)-pseudo periodic if and only if
Proof It is clear that if f satisfies (2.2) then f is a (ω, c)-pseudo periodic function. In order to show the inverse statement, let f ∈ PP ωc (X). Then there exist g ∈ P ωc (R, X) and
It follows from [3, Proposition 2.5] that F 1 ∈ P ω (R, X) and by definition of AA 0,c (X) we have that F 2 ∈ AA 0 (X). Hence u ∈ PP ω (X).
Remark 2.9 The decomposition in Definition 2.5 is unique, that is, there exist a unique g ∈ P ωc (R, X) and a unique h ∈ AA 0,c (X) such that f = g + h. Indeed, suppose that
belongs to PP ω (X) by Proposition 2.2. By the unique representation of the functions in this space, we have that c
, and conse-
Remark 2.10 Note that if |c| ≥ 1 then AA 0 (X) ⊂ AA 0,c (X), and consequently
As a consequence of Proposition 2.8, we have the following basic properties.
Lemma 2.11 Let
Proof The proof of (a) is a consequence of the definition. (b) follows from the invariant property of the space P ωc (R, X) and Lemma 2.16. + k as |k| → ∞. Let
Then f ∈ PP π -2 π (R). Indeed, note that g(t) := 2 t sin t is (π, -2 π )-periodic. Let us prove that
Hence f is a (ω, c)-pseudo periodic function which is not a (ω, c)-asymptotically periodic function.
Example 2.13 Let X = C, |b| ≤ 2. Consider
where h satisfies one of the following conditions:
by Proposition 2.2 we have that
where
is periodic with period ω = π . Analogously,
belongs to AA 0 (X). Hence f has the decomposition
Example 2.14 Let u : R → X be a X-valued periodic function with period ω and v : R → X in AA 0 (X). Let φ : R → C be a function with the semigroup property, that is, φ(t + s) = φ(s)φ(t) for all t, s ∈ R and such that φ(ω) = 0. Then
As a particular case, we take φ(t) = e ikt and obtain the pseudo periodic Bloch functions. 
is a uniformly convergent series on R. Then
Lemma 2.16 AA 0,c (X) is translation invariant, and for every h ∈ AA 0 (X), we have that
Proof Let h ∈ AA 0,c (X) and τ ∈ R be arbitrary. Then
as T → ∞. The last assertion follows from the linearity of M.
We recall (see [3] ) that the norm in the space P ωc (R, X) is given by
Proposition 2.17 Let f ∈ P ωc (R, X). Then the range {c ∧ (-t)f (t) : t ∈ R} is relatively com-
pact in X, that is, given > 0, for all t ∈ R, there exist x 1 , . . . , x k in X such that c ∧ (-t)f (t) -
The following result guarantees that PP ωc (X) is a Banach space with the norm defined below.
Theorem 2.18 PP ωc (X) is a Banach space with the norm
Proof Let (f n ) be a Cauchy sequence in PP ωc (X). Then, given > 0, there exists N ∈ N such that, for all m, n ≥ N , we have
Since f m , f n ∈ PP ωc (X), Proposition 2.8 implies that there exist u m , u n ∈ PP ω (X) such that f m (t) = c ∧ (t)u m (t) and f n (t) = c ∧ (t)u n (t). Now, note that for m, n ≥ N
It follows that (u n ) is a Cauchy sequence in PP ω (X). Since PP ω (X) is complete, then there exists u ∈ PP ω (X) such that u n -u pω → 0 as n → ∞. Let us define f (t) := c ∧ (t)u(t). We claim that f n -f pωc → 0 as n → ∞. Indeed,
Hence PP ωc (X) is a Banach space with the norm · pωc .
We recall the following convolution result.
Theorem 2.19 ([3, Theorem 2.7]) Let f
∈ P ωc (R, X) with f (t) = c ∧ (t)p(t), p ∈ P ω (R, X). If k ∼ (t) := c ∧ (-t)k(t) ∈ L 1 (R), then (k * f )(t) = ∞ -∞ k(t -s)f (s) ∈ P ωc (R, X).
Lemma 2.20 Assume that k
Proof It is clear that the convolution k * h is a continuous function. Then
, using the dominated convergence theorem, it follows that
Hence k * h ∈ AA 0,c (X).
We are ready to present the convolution theorem for (ω, c)-pseudo periodic functions.
Theorem 2.21 Let f
In particular, (k * f )(t) ∈ PP ωc (X).
We have
From Theorem 2.19 we have that I 1 ∈ P ωc (R, X). Next, by Lemma 2.20 we have that I 2 ∈ AA 0,c (X). Now, from the definition of f we have that
Example 2.22 Consider the heat equation
Let u(x, t) be a regular solution with u(x, 0) = f (x). Then it is known that 
Lemma 2.23 Let h ∈ C(R, X) such that sup t∈R c ∧ (-t)h(t) < ∞. Then h ∈ AA 0,c (X) if and only if
Proof Assume that h ∈ AA 0,c (X) and suppose that there exists 0 > 0 such that 1 2T × meas(M T, (h)) does not converge to zero when T → ∞. That is, there exists δ > 0 such that, for n ∈ N,
which is a contradiction. Now, assume (2.3). We prove that h ∈ AA 0,c (X). By (2.3) we have that there exists M > 0 such that c ∧ (-t)h(t) ≤ M, and for all > 0 there exists
Hence h ∈ AA 0,c (X).
Next, we have the following composition result. The idea of the proof follows from [15, Theorem 2.4].
Theorem 2.24 Let f (t, x) = g(t, x) + h(t, x) where g(t + ω, cx) = cg(t, x) and h
is uniformly continuous for x in any bounded set of X uniformly in t ∈ R and
Proof Let ϕ(t) = α(t) + β(t) with α ∈ P ωc (R, X) and β ∈ AA 0,c (X). Then we have
f t, ϕ(t) = f t, ϕ(t) -f t, α(t) + g t, α(t) + h t, α(t) =: F(t) + G(t) + H(t).

By [3, Theorem 2.11] we have that G(t) = g(t, α(t)) belongs to P ωc (R, X).
On the other hand, note that φ(t) := c ∧ (-t)ϕ(t) and φ 1 (t) := c ∧ (-t)α(t) are bounded by definition and Proposition 2.17 respectively. From here we can choose K ⊂ X bounded such that
Since β ∈ AA 0,c (X), Lemma 2.3 yields for the above δ that
From here we can conclude that F ∈ AA 0,c (X). Finally, we prove that 
α(t) and I = φ([-T, T]). Then φ is uniformly continuous in [-T, T], and therefore
we have that
The set
f t, ϕ(t) = f t, ϕ(t) -f t, α(t) + g t, α(t) + h t, α(t) =: F(t) + G(t) + H(t).
Note that
where we have used that L f (t) ≤ L f and the fact that β ∈ AA 0,c (X). It follows that F ∈ AA 0,c (X). On the other hand, by [3, Theorem 2.11] we have that G(t) = g(t, α(t)) belongs to P ωc (R, X). Finally, we prove that H ∈ AA 0,c (X). From Proposition 2.17 we have that K := {c ∧ (-t)α(t) : t ∈ R} is relatively compact in X. Let > 0. Then, for every δ > 0, there exist
Consequently, given t ∈ R we can choose j ∈ {1, . . . , k} such that
Since h t (·) = c ∧ (-t)h(t, c ∧ (t)·) is uniformly continuous on K uniformly for t ∈ R, then tak- 8) uniformly t ∈ R. From here, we can conclude that
On the other hand, since
on the bounded subsets of X, then
Thus there exists N ∈ N such that for all t ≥ N we have that
Next, for all t ≥ N and some j = 1, 2, . . . , k, we have
Hence
Consequently, f (·, ϕ(·)) ∈ PP ωc (X).
Applications to abstract integral and differential equations in Banach spaces
Consider the integral equation (see [21] )
where f and R satisfy the following hypotheses.
, where g(t + ω, cx) = cg(t, x) and h ∈ AA 0,c (X, X) and satisfies
for x in any bounded subset of X. (H3) The kernel R satisfies the inequality
(H4) R(t, s) is bi-periodic in the sense of
Note that, for an arbitrary periodic function a, the kernel defined by the following relation
satisfies hypothesis (H4).
Since ϕ 2 ∈ AA 0,c (X), the conclusion follows from convolution Theorem 2.21.
It follows from the Banach fixed point theorem that there exists a unique u ∈ PP ωc (X) such
The previous results can be applied to obtain (ω, c)-pseudo periodic solutions to the semilinear evolution equation
We assume the following condition.
(H5) The operator A generates an exponentially stable C 0 -semigroup (T(t)) t≥0 , that is, there exist constants M > 0 and α > 0 such that T(t) ≤ Me -αt for each t ≥ 0 and
Thus, we have the following theorem. 4 Lasota-Wazewska model with unbounded oscillating and ergodic production of red cells
The theory presented above can be extended to the semilinear abstract problem with delay
where τ > 0 and for which a mild solution is a solution of the integral equation
Here, we need to know a history ϕ. Note that y(t -τ ) = ϕ(t -τ ) for t ∈ [0, τ ], and if y is (ω, c)-pseudo periodic, then y(t -τ ) also is. As an example, we study the important LasotaWazewska model with (ω, c)-pseudo periodic variable coefficients.
The Lasota-Wazewska model is an autonomous differential equation of the form
Wazewska-Czyzewska and Lasota [24] proposed this model to describe the survival of red blood cells in the blood of an animal. In this equation, y(t) describes the number of red cells bloods in the time t, δ > 0 is the probability of death of a red blood cell, h and γ are positive constants related to the production of red blood cells by unity of time, and τ is the time required to produce a red blood cell.
In this section, we study the following model:
y (t) = -δy(t) + h(t)e -a(t)y(t-τ ) , t ≥ 0, (4.2) where τ > 0, h(t) and a(t) are continuous and positive functions. Equation (4.2) models several situations in the real life, see, for example, [7, 8, 11, 18] and the references therein. We are looking for positive (ω, c)-pseudo periodic solutions for certain ω > 0, c > 0. Let f (t, y) = h(t)e -a(t)y and assume: for t ≥ t 0 ≥ 0 and 0 < α < δ -ah ∞ .
We have proved the following theorem. 
